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Diffusion in a mul t icomponent  turbulent  boundary l a y e r  is invest igated with al lowance fo r  ion-  
izat ion.  

I t  is a well-kuown fact  that  flow in a mul t icomponent  boundary l a y e r  at high t e m p e r a t u r e s  is c o m -  
pl icated by the p r e s e n c e  of an e lec t r ic  f ield,  which is el ici ted by the o c c u r r e n c e  of e l ec t r i ca l ly  charged  
components :  e lec t rons  and ions.  L a m i n a r  boundary l a y e r s  have been invest igated with r e g a r d  for  ioniza-  
t ion in s eve ra l  pape r s  [1, 2]. 

We p ropose  to analyze  a pa r t i a l ly  ionized turbulent  boundary l a y e r .  E a r l i e r  in [3] we se t  for th  a 
method fo r  the analys is  of a chemica l ly  r e ac t i ve  mul t icomponent  turbulent  boundary  l a y e r  of e l ec t r i ca l ly  
neut ra l  components .  The advent of ionization introduces definite modif ica t ions  into the equations,  but the 
genera l  s cheme  of the calcula t ions  for  an ionized boundary l aye r  on the assumpt ion  of quasi  neu t ra l i ty  of the 
m i x t u r e  and the absence  of an e lec t r ic  c u r r e n t  ( s imi la r  a ssumpt ions  w e r e  made  in [1, 2]) is  bas i ca l ly  the 
s a m e  as fo r  a boundary  l a y e r  of neut ra l  components .  In the p re sen t  note,  t h e r e f o r e ,  we shall  be  ma in ly  
concerned  with the d i f fe rences  engendered by the intorduction of ionization, omitt ing the reason ing  and c o m -  
putations analogous to those  se t  for th  in [3] for  a m ix tu r e  of e l ec t r i ca l ly  neut ra l  components .  

We cons ide r  a turbulent  boundary  l aye r  cons is t ing  of e lec t rons  (subscr ip t  1), ions (subscr ip t  k, k = 2, 
. . . .  p), and neut ra l  components ,  the num be r  of which is  N - p ,  where  N is  the total  numbe r  of components .  
We inves t iga te  the " f rozen"  boundary  l aye r ,  fo r  which chemical  r eac t ions  and recombina t ion  take place 
only on the su r f ace  of the flow obs tac le .  Inasmuch as the su r f ace  t e m p e r a t u r e  of the obs tac le  in many  ca se s  
is much  lower  than the t e m p e r a t u r e  of the gas in the flow core ,  we a r e  just if ied in a ssuming  that  the dens i -  
t ies  of ions and e lec t rons  at the obs tac le  wall a r e  equal to zero .  We also postulate  quasi  neut ra l i ty  of the 
m i x t u r e  [4] and the absence  of e lec t r i c  cu r r e n t  (the l a t t e r  assumpt ion  is valid for  gas flow past  su r faces  
that  a r e  insu la tors ) .  The conditions of quasi  neut ra l i ty  and absence  of e lec t r ic  cu r r en t  a r e  s ta ted ana ly t ic -  
a l ly  as fol lows: 

P p 

- - e  i = O ,  - - e  i - -O.  (1) 
1 mi m~ 

1 

We cons ide r  a doub le - l aye r  flow s cheme ,  i.e., a turbulent  c o r e  plus l~mina r  subs t r a t e .  The flow 
in the l a m i n a r y  s u b s t r a t e  is desc r ibed  by the  one-d imens iona l  continuity,  mot ion,  diffusion, energy ,  and 
s ta te  equations in the s a m e  f o r m  as in [3]. 

The re la t ion  obtained f r o m  the S t e fan -Maxwe l I  equations between the diffusion f luxes and concen t r a -  
t ion gradients  gains additional t e r m s  in the p r e s e n c e  of charged  components  to account fo r  the influences of 
the e lec t r ic  field on the diffusion p r o c e s s :  

ei E d (c~m) = m2-~- ~ (c~Jj - -  c /~)  § cvn ~ (i = 1 . . . . .  N) (2) 
dy P i=~ m~D~j 

(for e lec t rons  e i = e, fo r  ions e i = he,  and fo r  the neutra l  components  e i = 0; we a s s u m e  that  the ionization 
mul t ip l ic i ty  n is the s~me fo r  all  ions).  
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Using conditions (1) and re la t ion  (2) fo r  ions and assuming  that  the diffusion p rope r t i e s  of the ions a r e  
identical  and that  the densi t ies  of ions and e lec t rons  a re  zero  at the wall ,  we can show that  the ion and d e c -  
t ron  densi ty f ie lds  in the l a m i n a r  subs t r a t e  a r e  s imi l a r ,  where  the s i m i l a r i t y  is exp re s sed  by the re la t ions  

c! = c_~ . . . . .  e_~ (3) 
11 I~ I~ 

H e r e  I i = Ji/(PV)w + c i = const ,  and (pv) w is the m a s s  flux at the wall .  

The re la t ions  I i = const  a r e  the in tegra ls  of the diffusion equations fo r  the l a m i n a r  s u b s t r a t e  [3]. 

F r o m  re la t ions  (2), wr i t ten  for  ions (i = 2 . . . . .  p) we e l iminate  the e lec t r ic  field,  making use  of r e l a -  
t ion (2) for  e lec t rons  (i = 1); if we use  Eqs.  (3) in this operat ion,  we reduce  the S te fan-MaxweU re la t ions  
fo r  charged  par t i c les  to the f o r m  

d(chm) rn~-- (Or),,, - - 1  ~ ('-D~-hj + ~-~j) l(chl'-cjlh)rn-~. (4) 
dy to n -~- I i=t 

(,~ = 2 . . . . .  p). 

We introduce new var i ab les  by the fo rmu la s  [5] 

g~ = cim (i = I ,  . . . ,  N), 

Y 

= (PV)w I mdy 
0 

Then the  se t  of equations (4) reduces  to a se t  of l i nea r  f i r s t - o r d e r  equations with constant  coeff ic ients :  

N 

dg~_ ~ Ski + nS11 (ljg _ikgj)  (k =2 . . . . .  p). (5) 
-~ ~--. l +  n i=l 

F o r  the neutra l  components  the S te fan-Maxwel l  re la t ions  r e t a in  the s a m e  f o r m  in the new va r i ab les  

as in [3]: 

N 
dgi _ --~ -- Sij (ljg~ --  l~gj) (i = p + 1 . . . . .  N). (6) 

We read i ly  note on the bas i s  of a compar i son  of Eqs.  (5) and (6) that  they differ  in the appearance  of 
the f ac to r  in f ront  of the pa ren theses  on the r ight -hand side of the  equation. It m a y  be in fe r red ,  t he re fo re ,  
that  the diffusivity of the charged  par t i c les  (ions) differs  f r o m  that  of the cor responding  (i. e . ,  having the 
s a m e  molecu la r  weight) neu t ra l s .  Since the diffusivity of e lec t rons  is much g r e a t e r  than the diffusivi t ies  
of ions,  Skj >> Sij; hence ,  we infer  on the  bas i s  of Eqs .  (5) and (6) that  the diffusivi t ies  of the charged  
components  (ions) a r e  (n + 1) t imes  the diffi~sivities of the cor responding  neutra l  components .  A set  of equa-  
t ions analogous to (5) and (6) has  been solved in [3]. In the se t  of equations (5) we need m e r e l y  solve one 
equation, because  the densi ty prof i les  of all other ions and e lec t rons  can be de te rmined  f r o m  re la t ions  (3). 

The p r e sence  of ionization does not affect  the solution of the motion and energy  equations,  and this 
solution is obtained b y a  p rocedure  s i m i l a r  to that  used in [3]. 

We now consider  the turbulent  pa r t  of the boundary l aye r .  Because  m o l a r  mixing  preva i l s  in the 
turbulent  zone, it is r easonab le  to suppose that  the  diffusion c h a r a c t e r i s t i c s  of all the components  a r e  
identical  in that zone. 

We wr i te  the analog of the F ick  law for  the ionized gas .  F r o m  the S te fan-Maxwel l  r e la t ions  we ob- 

ta in  for  Dij = D~ 

Ji = oD~ \( OciaY +--~E cie~ ) . 

Then the diffusion equation is r e p r e s e n t e d  as follows in the turbulent  zone:  

c)c~ Oc~ 0 _ Oc, c) ( E ) 
pu ~xx + p v  - - = ~  (7) Oy Oy pDs "~y Oy pD~ --~ cie ~ . 
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If now we mul t ip ly  eve ry  equation in the s y s t e m  (7) by 1 / m  i and sum them on i f r o m  1 to p, taking Eq, 
into account,  we obtain the equation 

ax  ox  

m i 

(1) 

(8) 

Assuming  that  the Prandt l  n u m b e r  and all the Schmidt number s  f o rmed  f r o m  the turbulent  t r a n s p o r t  
coeff ic ients  a r e  equal to unity in the turbulent  pa r t  of the boundary l aye r ,  we deduce the following s i m i l a r i t y  
between the f ields of the veloci ty,  enthalpy, densi t ies  of neutra l  components ,  and the quantity X [taking Eq. 
(8) into account]:  

H - -  t t *  cl - -  c7 X - -  X *  

Ha - - H *  cz~ --c~ X~ - - X *  

(i = p @ 1 . . . . .  N). (9) 

and the a s t e r i s k  * and subsc r ip t  ~o r e f e r  to the values of the v a r i -  

(10) 

H e r e  u is ~he veloci ty,  H is the enthalpy, 
ables  to the boundary  of the l um i na ry  s u b s t r a t e  and outer  edge of the boundary  l a y e r ,  r e spec t ive ly .  

I t  a l so  follows f r o m  Eqs.  (7) that  the ion and e lec t ron  densi ty prof i les  in the turbulent  par t  of the 
boundary  l a y e r  a r e  s i m i l a r ,  this  s i m i l a r i t y  being exp re s sed  by the fo rmu la s  

C 1 C 2 _ _  _ _  C p  

CI ~ C2~ Cpco 

In o rde r  to effect  c losu re  of the p rob lem we need to affix to the se t  of final r e l a t ions  (9) and (10) the 
equation of mot ion (as in [3], the equation of motion is conveniently wri t ten in in tegral  fo rm) .  

Equating the densi ty  values  at the boundary  of the l a m i n a r  subs t r a t e  on the turbulent  side (10) and on 
the l a m i n a r  s ide (3), we obtain the re la t ions  

c1~ . . . .  - -- %| (11) 
11 I v 

Inasmuch  as the densi t ies  cir o at the outer  edge of the boundary  l a y e r  a r e  p r e sumed  to be known, we 
can use  Eqs .  {11) to exp re s s  the values  of 12 . . . . .  Ip in t e r m s  of I t. 

Invoking the conditions at the boundary  of the l a m i n a r  s u b s t r a t e  [3], including the equali ty of the 
ve loc i t ies ,  enthalpies ,  and all pa r t i c le  densi t ies  on e i ther  s ide of the boundary of the l a m i n a r  subs t r a t e ,  
along with the conserva t ion  of momen tum,  m a s s  of each component ,  and energy,  we der ive  express ions  fo r  
the values  at the boundary  of the l a m i n a r  subs t r a t e .  Fo r  example ,  the express ion  fo r  the densi ty of e l ec -  
t rons  at the boundary  of the l a m i n a r  subs t r a t e  acqui res  the f o r m  

c~ = cI~ en* + I1 (B + 1 - - e  ~') (12) 
B + I  

Y 

~l*=(PV)w t'dY--' B =  (pv)wu~ 
~t ~w 

0 

H e r e  i w  is the wall f r ic t ion .  

Equation (12) coincides with the express ion  fo r  the densi t ies  of neu t ra l s  at the boundary  of the l amin a r  
s u b s t r a t e  [ 3]. 

The densi t ies  of ions at the boundary of the l a m i n a r  subs t r a t e  can be de te rmined  f r o m  (3) and (12). 
The quantity I 1 is de te rmined  in the s a m e  way as I i (i > p) for  neut ra l  components  [3]. 

The r e m a i n d e r  of the calculat ions for  an ionized turbulent  boundary l a y e r  a r e  analogous to the ca lcu -  
la t ions for  a mul t icomponent  boundary l a y e r  of neut ra l  components .  

Thus,  the m o s t  s ignif icant  d i f ference  between the flows in a turbulent  boundary l aye r  of a par t i a l ly  
ionized gas mix tu re  and in a m i x t u r e  of neu t ra l  gases  is the i n c r e a s e  induced by the e lec t r ic  field in the 
r e su l t an t  b ina ry  diffusivi t ies  of the ions by compar i son  with the diffusivi t ies  of the neutra l  components  in 
the l a m i n a r  subs t r a t e .  
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NOTATION 

a r e  the coord ina tes ;  
a r e  the veloci ty  components ;  
is the m a s s  densi ty  of the i - th  component;  
is the diffusion flux of the i - th  component;  
is the total  heat  content;  
is the t e m p e r a t u r e ;  
is the densi ty;  
,s the m o l e c u l a r  weight of the mix tu re ;  
is the mo lecu l a r  weight of the i - th  component;  
is the m o l e c u l a r  v i scos i ty ;  
a r e  the b inary  diffusivi t ies;  
~s the turbulent  diffusivity; 
is the e lec t r i c  field s t rength;  
is the Bol tzmann constant ;  
is the e lec t r ic  cha rge  of the i - th  component;  
is the ionization mul t ip l ic i ty .  

S u b s c r i p t s  

1 

2 ..... p 
p+l ..... N 
009 W~ 

is the e lements ;  
is the ions;  
is the neut ra l  components ;  
a r e  the va r i ab l e s  evaluated at the outer  edge of the boundary l aye r ,  at the wall,  and at the 

boundary of the l a m i n a r  subs t ra te ,  r e spec t ive ly .  
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